Abstract. Topological order of a topological phase of matter in two spacial dimensions is encoded by a unitary modular (tensor) category (UMC). A group symmetry of the topological phase induces a group symmetry of its corresponding UMC. Gauging is a well-known theoretical tool to promote a global symmetry to a local gauge symmetry. We give a mathematical formulation of gauging in terms of higher category formalism. Roughly, given a UMC with a symmetry group G, gauging is a 2-step process: first extend the UMC to a G-crossed braided fusion category and then take the equivariantization of the resulting category. Gauging can tell whether or not two enriched topological phases of matter are different, and also provides a way to construct new UMCs out of old ones. We derive a formula for the H 4 -obstruction, prove some properties of gauging, and carry out gauging for two concrete examples.
Introduction
Topological phases of matter are quantum phases of matter represented by equivalence classes of gapped Hamiltonians. In two spatial dimensions, the bulk topological order of a topological phase of matter H is encoded by a unitary modular (tensor) category (UMC) B, also known as an anyon model [27] . Conventional symmetries of a topological phase H with topological order B induce topological symmetries of the UMC B. When a finite group G acts on a topological phase H as topological symmetries, then gauging this global symmetry, when possible, leads to a topological phase transition from H to a new topological phase H gauged , whose topological order is encoded by a new UMC B ×,G G . A physical theory of gauging based on G-crossed braided fusion category is developed in [2] .
One reason for the interest in gauging comes from the study of symmetry enriched topological phases of matter (SETs). Gauging can tell whether or not two SETs are different. Another motivation is the classification of modular categories, which is interesting for both mathematics and condensed matter physics. For ranks up to 5, all modular categories are closely related to those that can be constructed from quantum groups [4] . There are well-known constructions in conformal field theory that have analogues for modular category. Gauging is another construction through which we can obtain new modular categories from old ones with group actions. For 2.4. Unitary categorical actions and their equivariantizations. Let C be a UFC. We will denote by Aut(M) (respectively, Aut ⊗ (C)) the monoidal category where objects are unitary auto-equivalences of M (respectively, unitary tensor autoequivalence of C), arrows are unitary natural isomorphisms (respectively, unitary tensor natural isomorphisms) and the tensor product is the composition of functors.
A unitary action of the group G on C is a monoidal functor ρ : G → Aut ⊗ (C). Let G be a group acting unitarily on C via ρ : G → Aut ⊗ (C), then we have the following data
• unitary tensor functors (ρ(g), ψ(g)) : C → C for each g ∈ G,
• unitary natural isomorphism φ(g, h) : ρ(gh) → ρ(g) • ρ(h) for all g, h ∈ G.
The G-equivariantization (or category of G-invariant objects) of C, denoted by C G , is a UFC defined as follows. An object in C G is a pair (V, f ), where V is an object of C and f is a family of unitary isomorphisms f g : ρ(g)(V ) → V , g ∈ G such that for all g, h ∈ G, (2.1) φ(g, h)f gh = f g • ρ(g)(f h ).
A G-equivariant morphism φ : (V, f ) → (V ′ , f ′ ) between G-equivariant objects (V, f ) and (V ′ , f ′ ) is a morphism u :
The C * -structure of C G is the one inherited from C. The tensor product is defined by
where
V,V ′ , and unit object (1, id 1 ).
Gauging a Global Symmetry
Gauging is an important theoretical tool in physics. As an application to physics, we are interested in a mathematical formulation of gauging for symmetries of two dimensional topological phases of matter. Mathematically, we consider gauging as a construction of new modular categories from old ones with group symmetry.
For application to physics in our situation, all the discussion should be within the unitary setting. However for the mathematical application and physics elsewhere, non-unitary is interesting too. We will formulate the theory in the unitary setting, though most of the theory can be repeated in the non-unitary setting. Throughout the paper, we need to use the basic notions in the unitary setting such as unitary Picard groups and the tensor product of unitary bi-module categories, which are defined in [15] . In order to keep the notation simple, we continue to use the standard notation.
3.1. Global symmetry of unitary modular categories. A quantum system is modelled by a pair (L, H), where L is the (local) Hilbert space of states (or wave functions) and H is the Hamiltonian-an Hermitian operator on L. While we will not define the notion mathematically, we will refer to a class of gapped Hamiltonians without phase transitions among them as a topological phase of matter. Elementary excitations in a two dimensional topological phase of matter form an anyon system, which is modelled by a UMC. Therefore, we will say that the topological order of a two dimensional topological phase of matter is a UMC.
A group G is a symmetry of a quantum system (L, H) if G acts on L unitarily and the action commutes with H, i.e., there is a group homomorphism ρ : G → U(L) such that ρ(g)H = Hρ(g) for all g ∈ G, where U(L) are the unitary operators of L. When the quantum system (L, H) represents a topological phase of matter whose topological order is given by a UMC B, then the symmetry (G, ρ) of (L, H) induces a global symmetry of the UMC B. Let Aut One way to obtain interesting symmetries is to consider the n-fold Deligne product B ⊠n of a UMC B. Then any subgroup G of the permutation group S n is a global symmetry of B ⊠n . Such obvious symmetries can also be combined with symmetries of B. For example, the full global symmetry group of SO(16) 1 ⊠ SO(16) 1 = SO(8) 1 ⊠ SO(8) 1 contains at least S 3 × S 3 , Z 2 .
3.2. Symmetry defects. While symmetries are intrinsic properties of a topological phase of matter, defects are extrinsic objects that are introduced to the topological phase of matter by modifying the Hamiltonian [2] . For a topological phase of matter with topological order B, we will model defects by simple objects in indecomposable module categories over B. We will refer to an indecomposable module category over B as a defect sector and if it is indexed by a group element g, we will refer to it as a flux sector with flux g. Simple objects in a defect sector will be called defects.
Given a UFC C, a left module category M over C is a C * -category which is a categorical left representation of C compatible with the C * -structure. Similarly, we can define right module category and bi-module category over C. The tensor product ⊠ C of C-bimodule categories was defined in [10] , see [15] of C is the group of equivalence classes of invertible C-bimodule categories. This group plays a key role in the classification of extensions of tensor categories by finite groups [10, Theorem 1.3] . The natural structure for invertible bi-module categories over a fusion category C is the 3-group BrPic(C), whose 1-truncation is the 2-group BrPic(C). The Brauer-Picard group BrPic(C) of C is the 2-truncation of BrPic(C). Note that for a braided fusion category B, a left action induces a compatible right action via the braiding. In particular, all left B-modules have a canonical B-bimodule structure. It follows that in the braided case, there is a distinguished 3-subgroup Pic(B) ⊆ BrPic(B) of the Brauer-Picard 3-group, the so-called Picard 3-group Pic(B) of B that consists of all invertible (left) B-modules.
Definition 2. Given a UMC B, a symmetry defect of B is a simple object in an invertible module category over B.
Let Aut br ⊗ (B) be the 2-group of braided unitary tensor auto-equivalences of a UBFC B. There is a monoidal functor Θ : Pic(B) → Aut br ⊗ (B) associated to the alpha-induction functors α + and α − , see [26, 10] for precise definitions. When B is a UMC, there also exists a monoidal functor Φ : Aut 
This data should satisfy the following conditions:
-and some commuting diagrams that guarantee the naturality of c, the consistency of c with the tensor product, etc. See [7, Definition 4.41] .
A unitary G-crossed braided fusion category B × G has an extended S-matrix (see [22, Section 9] ). We say a unitary G-crossed braided fusion category is modular if its extended modular S-matrix is non-singular. Verlinde formulas and modular representations can be generalized [2, 22] .
A unitary G-crossed braided extension B A G-crossed braided fusion category B × G = g∈G B g determines and is determined by the following data:
• a BFC B e = B, a collection of invertible B-module categories B g , g ∈ G,
• a collection of B-module equivalences M g,h : B g ⊠ Be B h → B gh , • natural isomorphisms of B-module functors
We are interested in the opposite direction: when a given collection of defect sectors in Pic(B) would form a G-crossed braided extension of the UMC B? It follows from [10, Theorem 8.4, 8.8 ] that a (faithfully graded) G-crossed braided fusion extension of B exists if and only if a certain tensor product obstruction class in H 3 (G, Inv(B)) and a secondary associativity constraint obstruction class in
3.3. Definition of gauging. Given a global symmetry (G, ρ) of a quantum system (L, H), gauging in physics is to couple gauge fields to the Hamiltonian H to promote the global symmetry G to a local gauge symmetry. There is neither a straightforward nor unique way to gauge. The common practice in the Hamiltonian formalism is to choose the so-called minimal coupling by replacing ordinary derivatives with covariant derivatives. The first step in gauging is to add flux sectors of defects into the theory. For a topological order B, we need to add defects to B to form a G-crossed modular extension B × G of B. Such defects are in general confined, so in the second step we equivariantize the G-crossed extension B The following theorem, [10, Theorem 7.12] , will be used throughout the paper. Definition 6. Given a global symmetry ρ : G → Aut br ⊗ (B) that can be gauged and a fixed gauging, then a gauging data related to the fixed gauging is a pair
Phrasing Theorems 8. 4, 8.8, 8.9 from [10] in the language of gauging, we have the following proposition. has a canonical G-braiding and categorical G-action that make it into a unitary G-crossed modular category.
Thus the gauging data is the information required to extend a UMC B to a unitary G-crossed modular category B Recall a fusion category is weakly integral if its Frobenius-Perron dimension is an integer. Two modular categories B and B are Witt equivalent if there exist spherical fusion categories C and C such that B⊠Z(C) ∼ = B⊠Z( C) as braided tensor categories, where Z(C) and Z( C) are the Drinfeld centers of C and C, respectively.
The following theorem follows from [7] on taking a core, which is the inverse of gauging, and Corollary 3.30 of [8] .
Theorem 2. 
Sequentially Gauging
In this section, we show that if the global symmetry group G of B has a semiproduct structure, i.e. G = N ⋊ H, then the gauging process can be done sequentially, that is, one can first gauge B by the normal subgroup N , and then gauge the resulting B 
Remark 2. In [7] , the authors gave a similar statement as above, without a proof, that equivaritization can be done sequentially for a fusion category with a G-action.
By Theorem 1, morphisms ρ : G −→ Pic(B) are in bijection with G-crossed Proof Apparently, C e is an N -extension of B with ρ 1 (n) = B n , n ∈ N . We only need to show the action of N on C e induced from R ρ is the same as that determined by ρ 1 , namely, R ρ (n) = R ρ1 (n), but this is clearly true since both actions are determined from (4.1). Now we restrict the action R ρ to the subgroup N . By Lemma 1,
Now we take the equivariantization of B 
The H-crossed braiding is given as follows:
, then the crossed braiding is defined as the following compositions:
, where c is the crossed braiding in B × G . Again, it is not hard to check this defines an H-crossed braiding.
Therefore, by Lemma 2, we can take the equivariantization of B ×,N G with respect
We shall prove the theorem by defining a functor F : (B
such that the following diagrams commute:
Equ 4.5 = ===== =ϕ n1 ϕ n1 h1n2h
Equ 4.4,4.6 = ======== =ϕ n1h1n2h
This shows (X, τ ) is an object of B ×,G
G . This is justified by the following diagram.
In the above diagrams, the two triangles both commute by the definition of τ, τ ′ . The left and right trapezoids commute since f is both an N -equivariant and an H-equivariant morphism. Therefore, the rectangle commutes which shows that f is a G-equivariant morphism.
Next we show that F is a tensor functor and preserves the braiding. For simplicity, we will also write ((X, ϕ), ψ) as (X, ϕ, ψ).
Note that some of "=" signs in the above equations actually represent canonical isomorphisms, such as (
, and it is straightforward to check this isomorphism preserves the associativity and thus F is a tensor functor. Recall that the H-crossed braiding on (B × G ) N is given in Lemma 2 as follows:
H , the braiding is given by the Hcrossed braiding followed by ψ ′ h ⊗id, and is thus equal to the following compositions:
The image of this composition under F is (ψ
It is clear that ((X, τ |N ), τ |H ) satisfy (4.4), (4.5) and (4.6). Thus K(X, τ ) is an object of
H . It is routine to check that K is a braided tensor functor and that F K ≃ Id, KF ≃ Id.
Obstructions

H
3 obstruction. Given a group homomorphism ρ : G → Pic(B) ∼ = Aut br ⊗ (B) a necessary condition for the existence of a gauging associated to ρ, is the existence of a lifting ρ : G → Aut br ⊗ (B) of ρ. So in this subsection we will describe some formulas for the computation of the H 3 -obstruction associated with a group homomorphism ρ : G → Aut ⊗ (B).
Let C be a fusion category and
Thus K 0 (C) is an abelian group and for every tensor autoequivalence F ∈ Aut ⊗ (C), the abelian group Aut ⊗ (Id F ) can be canonically identified with K 0 (C). Let ρ : G → Aut(C) be a group homomorphism. Note that G acts on K 0 (C) since G acts on K 0 (C). Let us fix a representative tensor autoequivalence F g : C → C for each g ∈ G and a tensor natural isomorphism θ g,h : F g • F h → F gh for each pair g, h ∈ G, we can assume that F e = Id C and θ g,e = θ e,g = Id Fg for all g ∈ G. Define
The proof of the following proposition is straightforward, see [16, Theorem 5.5 ].
Proposition 5. Let C be a fusion category and ρ : G → Aut ⊗ (C) a group morphism. The cohomology class of the 3-cocycle O 3 (ρ) defined by the diagram (5.1) only depends on ρ. The map ρ lifts to an action ρ : G → Aut ⊗ (C) if and only if A be a braided pointed fusion category. The map
is a quadratic form and the pair (A, q), called a pre-metric group, is a complete invariant of the equivalence class of B, [21, 7] . We will denote by O(A, q) the group of all group automorphisms of A that fix q.
A braided autoequivalence (ρ, ψ) : B → B is defined by a group isomorphism ρ : A → A and 2-cochain ψ ∈ C 2 (A, U (1)) such that
for all a, b, c ∈ A. Note that for every braided tensor autoequivalence (ρ, ψ), ρ ∈ O(A, q). Conversely, for every ρ ∈ O(A, q) there is ψ ∈ C 2 (A, U (1)) such that (ρ, ψ) is a braided autoequivalence and the tensor functor (ρ, ψ) is unique up to tensor equivalence, [21] .
Given a group homomorphism ρ :
, that is a map
such that ψ g satisfies the equations (5.2) and (
Now, define
The cohomology class of O 3 (ρ) is just the cohomology of Proposition 5.
We summarize the results in the following proposition:
Proposition 6. Let B be a pointed braided fusion category with associated premetric groups (A, q). Then c(a, b) = c(g(a), g(b) ) ∀a, b, ∈ A}. 
Then every group homomorphism
ρ : G → O(A, c) ⊂ O(A, q) has trivial H 3 -obstruction. Proof Since ρ(g) ∈ (A, c), then (ρ(g), 1) ∈ Aut br ⊗ (Vec c A ) and θ g,h = 1 define a canonical categorical action ρ : G → Aut br ⊗ (B). Corollary 2. If A is an abelian group of odd order then for every group homomorphism ρ : G → O(A, q) the obstruction O 3 (ρ) vanishes. Proof If A has odd order and q is a quadratic form, then there is a symmetric bicharacter c
5.3.
Obstruction theory for quasi-trivial extensions. A G-graded fusion category C = ⊕ g∈G C g is called a quasi-trivial extension of C e by G, if each homogeneous component C g has at least one multiplicatively invertible object. Let us recall briefly the classification of quasi-trivial extensions, given in [18] . For a fusion category C, we shall denote by Out ⊗ (C) the 3-group of outer autoequivalences:
• objects are tensor autoequivalence of C, • 1-morphisms are pseudo-natural transformations, • 2-morphisms are modifications.
The main result of [18] is a one-to-one correspondence between equivalence classes of quasi-trivial extensions and equivalence classes of homomorphism of 3-groups ρ : G → Out ⊗ (C), where G is the discrete 3-category where objects are the elements of G. Explicitly a datum for a tri-homomorphism corresponds to
such that the diagram in Figure 1 commutes for all g, h, k, l ∈ G (where tensor symbols among objects and arrows have been omitted). Let ρ : G → Out ⊗ (C) be a monoidal functor, the obstruction to the existence of a lifting ρ : G → Out ⊗ (C) is an element in H 4 (G, U (1)), defined by the next Figure 1 . coherence for tri-homomorphism
The function O 4 (ρ) : G ×4 → U (1) is a 4-cocycle and its cohomology class only depends on the equivalence class of ρ : G → Out ⊗ (C).
5.4.
Quasi-trivial extension of a group by a braided fusion category. Definition 7. Following [7] , we say that a quasi-trivial G-extension B is a braided quasi-trivial extension of G if B e is a BFC and for each g ∈ G, the tensor autoequivalence
is a braided equivalence for all invertible objects in B g and all g ∈ G.
If B is a braided tensor category every inner tensor autoequivalence is naturally isomorphic to the identity functor, so every monoidal functor G → Out ⊗ (B), defines a unique monoidal functor G → Aut ⊗ (B). A monidal functor ρ : G → Out ⊗ (B) is a lifting of τ : G → Aut ⊗ (B) if τ is the functor obtained from ρ.
Although π 1 (Aut ⊗ (B)) = π 1 (Out ⊗ (B)), they are different categorical groups since π 2 (Aut ⊗ (B)) = Aut(Id B ) and π 2 (Out ⊗ (B)) = Inv(Z(B)).
Since (B, c) is braided, the inclusion given by
Proof The pseudo-natural transformation associated to
Hence replacing (ω(g 1 , g 2 ), χ g1,g2 ) in formula (5.5), we get the new formula of the 4-cocycle.
H
4 obstruction to G-crossed braided fusion categories. Let (B, c) be a BFC. Suppose a categorical action (g * , ψ g , θ g,h ) (g,h∈G) : G → Aut br ⊗ (B) admits a gauging ρ : G → Pic(B). Then the equivalence classes of homomorphism of 2-groups G → Pic(B) with associated topological symmetry (g * , ψ g , θ g,h ) (g,h∈G) is a torsor over H 2 ρ (G, Inv(B)). Given an element ω ∈ Z 2 ρ (G, Inv(B))), we shall denote by (ω ⊲ ρ) : G → Pic(B), the associated homomorphism of 2-groups. 
, vanishes.
The same formula in this case was derived in [2] . If the topological symmetry (ω ⊲ t) : G → Aut Proof Recall that an equivariantization of a G-crossed braided fusion category B is modular if and only if the G-grading is faithful and B e is modular.
By [25, Theorem 5.3] every braided group-theoretical fusion category B can be obtained as a gauging of a pointed G-crossed braided fusion category C. The pair (G, Inv(C)) is an ordinary crossed module, where the G-action on X is induced by the G-action on C and the morphism ∂ : X → G is defined by the G-grading.
Since B is modular, ∂ is surjective, so X is a central extension G by A = Inv(C e ) and C e is a pointed modular category. If ω ∈ Z 2 (G, A) is a 2-cocycle corresponding to the central extension X, then B is a gauging of the topological symmetry ( * , ω) :
Remark 4.
• Every integral modular tensor category of Frobenius-Perron dimension p n , with p a primer number, is group-theoretical, [6, Theorem 1.5], [9, Theorem 8.28 ]. Every fusion category of dimension p n with p odd is automatically integral [20] .
• Using Proposition 10 and Corollary 3 we can reduce the classification of group-theoretical modular categories to a pure problem in group cohomology.
Examples
An extensive list of examples in the spin-network formalism is given in [2] . Here we focus on two examples: the Z 2 -symmetry of the Deligne product of the Fibonacci category with itself, and the first non-abelian S 3 symmetry of the 3-fermion theory 1 by {1 = (1, 1), (1, τ ), (τ, 1), (τ, τ ) }. In the Z 2 -crossed braided extension (Fib ⊠ Fib) × Z2 , the sector labelled by the non-trivial element of Z 2 contains two defects (simple objects), which are denoted by X 1 , X τ . Number all the anyons in both sectors in the order {1 = (1, 1), (1, τ ), (τ, 1) , (τ, τ ), X 1 , X τ } by {1, 2, 3, 4, 5, 6}. Below we give part of the data associated to (Fib ⊠ Fib) × Z2 , and the rest of the data can be found in Appendix A.
The quantum dimensions are:
Thus the total quantum dimension is D =
The Frobenius-Shur indicators are {1, 1, 1, 1, −1, −1}. So the two defects have non-trivial Frobenius-Shur indicators.
For the group action, g swaps 2 with 3, and fixes all other simple objects.
From the group actions, we deduce that the fusion rules are symmetric, namely a ⊗ b = b ⊗ a. But the category is not braided. We omit the fusion rules of the subcategory Fib ⊠ Fib and those of the trivial object since they are rather simple. Note that some of the fusion rules have multiplicity more than 1. = SU(2) 8 . The data associated to SU(2) 8 can be found in a number of reference, e.g [3] . One can verify SU(2) 8 is indeed the correct outcome for gauging by computing the inverse process, which is called taking the core [7] . Actually, the data for (Fib ⊠ Fib) × Z2 , F -matrices, R-matrices, etc, is obtained from computing the de-equivariantization of SU(2) 8 .
SO(8)
1 with the non-abelian S 3 symmetry. The SO(8) 1 theory, also called the 3-fermion theory, has three mutually fermionic anyons, which are denoted by {ψ 1 , ψ 2 , ψ 3 }. The fusion rules of the three fermions and the vacuum 1 form the group Z 2 × Z 2 . Any permutation of the three fermions leaves the theory invariant, thus SO(8) 1 has a symmetry group S 3 , which is a non-abelian symmetry. Since S 3 = Z 3 ⋊ Z 2 , by Theorem 1, in order to gauge the whole symmetry group S 3 , we Figure 2 . Symmetry for SU (3) 3 can first gauge Z 3 , and then gauge Z 2 . By [2] , gauging Z 3 results in the theory SU(3) 3 , whose data can be found in [1] . The theory SU(3) 3 has 10 anyon types, which are denoted by
We arrange the anyons in the order as shown in Figure 2 , then the Z 2 symmetry is simply a reflection along the height of the vertical edge of the triangle. The Z 2 extension (SU(3) 3 ) × Z2 of SU(3) 3 contains one defect sector, as well as the trivial sector SU(3) 3 . The defector sector contains two defects {X + , X − }. For the fusion rules of (SU (3) 3 )
× Z2 involving the defects, see [2] . By [5] , we can compute the fusion rules of (SU(3) 3 )
and some cohomology data.
We denote the anyon types by The S-matrix is given by: where a = −8 cos( A.1. F -Matrices. The F -matrices are defined by the following figure, where (n, k, l) is the row index and (m, i, j) is the column index. The indexes are listed in the dictionary order. So now the 6j-symbols are really 10j-symbols. We omit those F -matrices where a, b or c is 1, in which case the F -matrices are the identity matrices. (These identity matrices could have dimension more than 1 since now there are multiplicities in the fusion rules.)
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